Cogarighted Material GLOBA {i/.
EDITION '

Digital Control System
Analysis and Design

FOURTH EDITION

Charles L. Phillips * H.Troy Nagle * Aranya Chakrabortty

P
- B 1 B2
degspad & - -
ﬂ Y : 1/
=
-r.;—ﬂl-
I..-"'
i
L

ALWAYS LEARNING PEARSON



DI1GITAL CONTROL SYSTEM
ANALYSIS & DESIGN

FOURTH EDITION
GLoOBAL EDITION

Charles L. Phillips

Auburn University

H. Troy Nagle
North Carolina State University

Aranya Chakrabortty
North Carolina State University

PEARSON



Pearson Education Limited
Edinburgh Gate

Harlow

Essex CM20 2JE

England

Visit us on the World Wide Web at:
www.pearsonglobaleditions.com

© Pearson Education Limited 2015

ISBN 10: 1-292-06122-7
ISBN 13: 978-1-292-06122-1 (Print)
ISBN 13: 978-1-292-06188-7 (PDF)

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library

Typeset in 9/10 Times LT Std by Jouve India
Printed and bound by Courier Westford in The United States of America



Preface 9

Chapter 1

Chapter 2

CONTENTS

INTRODUCTION 11
Overview 11
Digital Control System 12
The Control Problem 15
Satellite Model 16
Servomotor System Model 18

Antenna Pointing System 20

Robotic Control System 21
Temperature Control System 22
Single-Machine Infinite Bus Power System 24
Summary 27

References 27 e Problems 27

DISCRETE-TIME SYSTEMS AND THE Z-TRANSFORM
Introduction 35
Discrete-Time Systems 35
Transform Methods 37
Properties of the z-Transform 40
Addition and Subtraction 40
Multiplication by a Constant 40
Real Translation 41
Complex Translation 43
Initial Value 44
Final Value 44
Finding z-Transforms 45
Solution of Difference Equations 48
The Inverse z-Transform 51
Power Series Method 51
Partial-Fraction Expansion Method 52
Inversion-Formula Method 56
Discrete Convolution 57
Simulation Diagrams and Flow Graphs 59
State Variables 63
Other State-Variable Formulations 71
Transfer Functions 80

35



Solutions of the State Equations 84
Recursive Solution 84
z-Transform Method 86
Numerical Method via Digital Computer 87
Properties of the State Transition Matrix 88
Linear Time-Varying Systems 89
Summary 90
References and Further Readings 90 e Problems 90

Chapter 3 SAMPLING AND RECONSTRUCTION 100

Introduction 100
Sampled-Data Control Systems 100
The Ideal Sampler 103
Evaluation of E*(S) 105
Results from the Fourier Transform 108
Properties of E*(S) 110
Data Reconstruction 113

Zero-Order Hold 114

First-Order Hold 118

Fractional-Order Holds 119
Summary 121

References and Further Readings 121 e Problems 122

Chapter 4 OPEN-LOOP DISCRETE-TIME SYSTEMS 126
Introduction 126
The Relationship Between E(Z) and E*(S) 126
The Pulse Transfer Function 127
Open-Loop Systems Containing Digital Filters 133
The Modified z-Transform 136
Systems with Time Delays 139
Nonsynchronous Sampling 142
State-Variable Models 145
Review of Continuous-Time State Variables 146
Discrete-Time State Equations 150
Practical Calculations 154
Summary 156
References and Further Readings 156 e Problems 156

Chapter 5 CLOSED-LOOP SYSTEMS 167
Introduction 167
Preliminary Concepts 167



Derivation Procedure 171
State-Variable Models 178
Summary 187
References and Further Readings 187 e Problems 188

Chapter 6 SYSTEM TIME-RESPONSE CHARACTERISTICS 198
Introduction 198
System Time Response 198
System Characteristic Equation 207
Mapping the s-Plane into the z-Plane 208
Steady-State Accuracy 215
Simulation 218
Control Software 223
Summary 223
References and Further Readings 224 e Problems 224

Chapter 7 STABILITY ANALYSIS TECHNIQUES 230
Introduction 230
Stability 230
Bilinear Transformation 234
The Routh-Hurwitz Criterion 236
Jury’s Stability Test 239
Root Locus 244
The Nyquist Criterion 248
The Bode Diagram 257
Interpretation of the Frequency Response 259
Closed-Loop Frequency Response 261
Summary 270
References and Further Readings 270 e Problems 270

Chapter 8 DIGITAL CONTROLLER DESIGN 279

Introduction 279

Control System Specifications 279
Steady-State Accuracy 280
Transient Response 280
Relative Stability 282
Sensitivity 283
Disturbance Rejection 284
Control Effort 285

Compensation 285

Phase-Lag Compensation 287



Chapter 9

Chapter 10

Phase-Lead Compensation 294
Phase-Lead Design Procedure 295
Lag-Lead Compensation 303
Integration and Differentiation Filters 307
PID Controllers 309
PID Controller Design 313
Design by Root Locus 321
Summary 334
References and Further Readings 334 e Problems 335

POLE-ASSIGNMENT DESIGN AND STATE ESTIMATION 343
Introduction 343
Pole Assignment 343
State Estimation 352
Observer Model 352
Errors in Estimation 354
Error Dynamics 354
Controller Transfer Function 359
Closed-Loop Characteristic Equation 362
Closed-Loop State Equations 363
Reduced-Order Observers 364
Current Observers 369
Controllability and Observability 374
Systems with Inputs 378

Summary 383
References and Further Readings 384 e Problems 384

SYSTEM IDENTIFICATION OF DISCRETE-TIME SYSTEMS 390
Introduction 390
Identification of Static Systems 391
Identification of Dynamic Systems 394
Black-Box Identification 394
Least-Squares System Identification 401
Estimating Transfer Functions with Partly Known Poles and Zeros 407
Recursive Least-Squares System Identification 409
Practical Factors for Identification 412
Choice of Input 412
Choice of Sampling Frequency 413
Choice of Signal Scaling 413

Summary 414
References and Further Readings 414 e Problems 414



Chapter 11 LINEAR QUADRATIC OPTIMAL CONTROL 418

Introduction 418
The Quadratic Cost Function 419
The Principle of Optimality 421
Linear Quadratic Optimal Control 424
The Minimum Principle 433
Steady-State Optimal Control 434
Optimal State Estimation—Kalman Filters 440
Least-Squares Minimization 446
Summary 446
References and Further Readings 447 e Problems 448

Chapter 12 CASE STUDIES 454

Appendix |
Appendix Il
Appendix Il
Appendix IV
Appendix V
Appendix VI

Index 525

Introduction 454
Servomotor System 455
System Model 456
Design 459
Environmental Chamber Control System 461
Temperature Control System 463
Aircraft Landing System 467
Plant Model 468
Design 468
Neonatal Fractional Inspired Oxygen 474
Plant Transfer Function 474
Taube's PID Controller 476
MATLAB pidtool PIDF Controllers 477
Topology Identification in Electric Power System Models 484
References 488

Design Equations 490
Mason’s Gain Formula 491
Evaluation of E*(s) 496
Review of Matrices 501
The Laplace Transform 508
z-Transform Tables 522



PREFACE

This book is intended to be used primarily as a text for a first course in discrete-time control
systems at either the senior undergraduate or first-year graduate level. Furthermore, the text is
suitable for self-study by the practicing control engineer.

This book is based on material taught at both Auburn University and North Carolina State
University, and in intensive short courses taught in both the United States and Europe. The
practicing engineers who attended these short courses have influenced both the content and the
direction of this book, resulting in emphasis placed on the practical aspects of designing and
implementing digital control systems.

Chapter 1 presents a brief introduction and an outline of the text. Chapters 2—11 cover
the analysis and design of discrete-time linear control systems. Some previous knowledge
of continuous-time control systems is helpful in understanding this material. The mathemat-
ics involved in the analysis and design of discrete-time control systems is the z-transform and
vector-matrix difference equations; these topics are presented in Chapter 2. Chapter 3 is devoted
to the very important topic of sampling signals and the mathematical model of the sampler and
data hold. This model is basic to the remainder of the text. The implications and the limitations
of this model are stressed.

The next four chapters, 4-7, are devoted to the application of the mathematics of Chapter 2
to the analysis of discrete-time systems, emphasis on digital control systems. Classical design
techniques are covered in Chapter 8, with the frequency-response Bode technique emphasized.
Modern design techniques are presented in Chapters 9—11. Chapter 12 summarizes some case
studies in discrete-time control system design. Throughout these chapters, practical computer-
aided analysis and design using MATLAB are stressed.

In this fourth edition, several changes have been made. We

* Added additional MATLAB examples throughout the chapters.

* Added a new chapter on system identification (Chapter 11).

* Added new problems in many of the chapters.

* Renumbered the end-of-chapter problems to reflect their corresponding textbook sections.

¢ Added the MATLAB pidtool design technique in Chapter 8.

* Added two new case studies in Chapter 12.

e Removed four chapters (formerly Chapters 11-14) and two appendices (formerly
Appendices V and VI) on digital filter implementation to reduce the overall page count,
thus placing more emphasis on control design.

Each end-of-chapter problem has been written to illustrate basic material in the chapter.
Generally, short MATLAB programs are given with many of the textbook examples to illustrate
the computer calculations of the results of the example. These programs are easily modified for
the homework problems.

To further assist instructors using this book, a set of PowerPoint slides and a manual con-
taining problem solutions has been developed. The authors feel that the problems at the end of
the chapters are an indispensable part of the text, and should be fully utilized by all who study
this book. Requests for both the problem solutions and PowerPoint slides can be sent directly to
the publisher.
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At Auburn University, three courses based on the controls portion of this text, Chapters 2—11,
have been taught. Chapters 2—-8 are covered in their entirety in a one-quarter four-credit-hour
graduate course. Thus the material is also suitable for a three-semester-hour course and has been
presented as such at North Carolina State University. These chapters have also been covered in
twenty lecture hours of an undergraduate course, but with much of the material omitted. The
topics not covered in this abbreviated presentation are state variables, the modified z-transform,
nonsynchronous sampling, and closed-loop frequency response. A third course, which is a one-
quarter three-credit course, requires one of the above courses as a prerequisite, and introduces the
state variables of Chapter 2. Then the state-variable models of Chapter 4, and the modern design
of Chapters 9—11, are covered in detail. In a recent offering at North Carolina State University,
Chapters 2—11 were covered in a one-semester, three-credit-hour course using this new edition
and the companion set of PowerPoint slides that are also available.

Finally, we gratefully acknowledge the many colleagues, graduate and undergraduate stu-
dents, and staff members of the Electrical Engineering Department at Auburn University who
contributed to the development of the first three editions of this book. In particular, we wish to
thank Professor J. David Irwin, Electrical Engineering Department Head at Auburn University,
for his aid and encouragement during those years. We would also like to acknowledge our col-
leagues and students in the Electrical and Computer Engineering Department at North Carolina
State University for their contributions to and support for this fourth edition.

Charles L. Phillips
Auburn University

H. Troy Nagle
North Carolina State
University

Aranya Chakrabortty
North Carolina State
University
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Introduction

1.1 OVERVIEW

This book is concerned with the analysis and design of closed-loop physical systems that contain
digital computers. The computers are placed within the system to modify the dynamics of the
closed-loop system such that a more satisfactory system response is obtained.

A closed-loop system is one in which certain system forcing functions (inputs) are deter-
mined, at least in part, by the response (outputs) of the system (i.e., the input is a function of the
output). A simple closed-loop system is illustrated in Fig. 1-1. The physical system (process)
to be controlled is called the plant. Usually a system, called the control actuator, is required to
drive the plant; in Fig. 1-1 the actuator has been included in the plant. The sensor (or sensors)
measures the response of the plant, which is then compared to the desired response. This differ-
ence signal initiates actions that result in the actual response approaching the desired response,
which drives the difference signal toward zero. Generally, an unacceptable closed-loop
response occurs if the plant input is simply the difference between the desired response and
actual response. Instead, this difference signal must be processed (filtered) by another physi-
cal system, which is called a compensator, a controller, or simply a filter. One problem of the
control system designer is the design of the compensator.

An example of a closed-loop system is the case of a pilot landing an aircraft. For this
example, in Fig. 1-1 the plant is the aircraft and the plant inputs are the pilot’s manipulations of
the various control surfaces and of the aircraft velocity. The pilot is the sensor, with his or her
visual perceptions of position, velocity, instrument indications, and so on, and with his or her
sense of balance, motion, and so on. The desired response is the pilot’s concept of the desired
flight path. The compensation is the pilot’s manner of correcting perceived errors in flight path.
Hence, for this example, the compensation, the sensor, and the generation of the desired response
are all functions performed by the pilot. It is obvious from this example that the compensation
must be a function of plant (aircraft) dynamics. A pilot trained only in a fighter aircraft is not
qualified to land a large passenger aircraft, even if he or she can manipulate the controls.

We will consider systems of the type shown in Fig. 1-1, in which the sensor is an appro-
priate measuring instrument and the compensation function is performed by a digital computer.
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Desired Difference Plant
response signal . input Response
P > g Compensation L Plant b
Sensor

FIGURE 1-1 Closed-loop system.

The plant has dynamics; we will program the computer such that it has dynamics of the same
nature as those of the plant. Furthermore, although generally we cannot choose the dynamics
of the plant, we can choose those of the computer such that, in some sense, the dynamics of
the closed-loop system are satisfactory. For example, if we are designing an automatic aircraft
landing system, the landing must be safe, the ride must be acceptable to the pilot and to any pas-
sengers, and the aircraft cannot be unduly stressed.

Both classical and modern control techniques of analysis and design are developed in this
book. Almost all control-system techniques developed are applicable to linear time-invariant
discrete-time system models. A linear system is one for which the principle of superposition
applies [1]. Suppose that the input of a system x,(#) produces a response (output) y(¢), and the
input x,(f) produces the response y,(f). Then, if the system is linear, the principle of superposi-
tion applies and the input [a;x,(f) + a,x,(f)] will produce the output [a; y;() + a,y,(f)], where
a; and a, are any constants. All physical systems are inherently nonlinear; however, in many
systems, if the system signals vary over a narrow range, the system responds in a linear manner.
Even though the analysis and design techniques presented are applicable to linear systems only,
certain nonlinear effects will be discussed.

When the parameters of a system are constant with respect to time, the system is called a
time-invariant system. An example of a time-varying system is the booster stage of a space vehicle,
in which fuel is consumed at a known rate; for this case, the mass of the vehicle decreases with time.

A discrete-time system has signals that can change values only at discrete instants of time.
We will refer to systems in which all signals can change continuously with time as continuous-time,
or analog, systems.

The compensator, or controller, in this book is a digital filter. The filter implements a trans-
fer function. The design of transfer functions for digital controllers is the subject of Chapters 2
through 9 and 11. Once the transfer function is known, algorithms for its realization must be
programmed on a digital computer. In Chapter 10 we introduce system identification methods
to model the plant’s dynamic behavior. In Chapter 12 we present several case studies in digital
controls systems design.

Presented next in this chapter is an example digital control system. Then the equations
describing three typical plants that appear in closed-loop systems are developed.

1.2 DIGITAL CONTROL SYSTEM

The basic structure of a digital control system will be introduced through the example of an auto-
matic aircraft landing system. The system to be described is similar to the landing system that is
currently operational on U.S. Navy aircraft carriers [2]. Only the simpler aspects of the system
will be described.



1.2 Digital Control System

The automatic aircraft landing system is depicted in Fig. 1-2. The system consists of three
basic parts: the aircraft, the radar unit, and the controlling unit. During the operation of this con-
trol system, the radar unit measures the approximate vertical and lateral positions of the aircraft,
which are then transmitted to the controlling unit. From these measurements, the controlling unit
calculates appropriate pitch and bank commands. These commands are then transmitted to the
aircraft autopilots, which in turn cause the aircraft to respond accordingly.

In Fig. 1-2 the controlling unit is a digital computer. The lateral control system, which
controls the lateral position of the aircraft, and the vertical control system, which controls the
altitude of the aircraft, are independent (decoupled). Thus the bank command input affects
only the lateral position of the aircraft, and the pitch command input affects only the alti-
tude of the aircraft. To simplify the treatment further, only the lateral control system will be
discussed.

A block diagram of the lateral control system is given in Fig. 1-3. The aircraft lateral posi-
tion, y(f), is the lateral distance of the aircraft from the extended centerline of the runway. The
control system attempts to force y(f) to zero. The radar unit measures y(f) every 0.05 s. Thus
y(kT) is the sampled value of y(r), with T = 0.05 sand k = 0,1,2,3, . ... The digital controller
processes these sampled values and generates the discrete bank commands (k7). The data hold,
which is on board the aircraft, clamps the bank command ¢(f) constant at the last value received
until the next value is received. Then the bank command is held constant at the new value until
the following value is received. Thus the bank command is updated every 7 = 0.05 s, which is
called the sample period. The aircraft responds to the bank command, which changes the lateral
position y(?).

Two additional inputs are shown in Fig. 1-3. These are unwanted inputs, called distur-
bances, and we would prefer that they not exist. The first, w(#), is the wind input, which certainly
affects the position of the aircraft. The second disturbance input, labeled radar noise, is present
since the radar cannot measure the exact position of the aircraft. This noise is the difference

Aircraft
Radar
Transmitter unit
Bank Lateral
command position
Pitch Controlling Vertical
command unit position

FIGURE 1-2 Automatic aircraft landing system.
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FIGURE 1-3 Aircraft lateral control system.

between the exact aircraft position and the measured position. Since no sensor is perfect, sensor
noise is always present in a control system.

The design problem for this system is to maintain y(f) at a small level in the presence of the
wind and radar-noise disturbances. In addition, the plane must respond in a manner that both is
acceptable to the pilot and does not unduly stress the structure of the aircraft.

To effect the design, it is necessary to know the mathematical relationships between the
wind input w(f), the bank command input ¢(f), and the lateral position y(f). These mathemati-
cal relationships are referred to as the mathematical model, or simply the model, of the aircraft.
For example, for the McDonnell-Douglas Corporation F4 aircraft, the model of lateral system is
a ninth-order ordinary nonlinear differential equation [3]. For the case in which the bank com-
mand ¢(7) remains small in amplitude, the nonlinearities are not excited and the system model
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described by this ninth-order ordinary nonlinear differential equation may be used for design
purposes.

The task of the control system designer is to specify the processing to be accomplished
in the digital controller. This processing will be a function of the ninth-order aircraft model, the
expected wind input, the radar noise, the sample period 7, and the desired response characteris-
tics. Various methods of digital controller design are developed in Chapters 8, 9, and 11.

The development of the ninth-order model of the aircraft is beyond the scope of this book.
In addition, this model is too complex to be used in an example in this book. Hence, to illustrate
the development of models of physical systems, the mathematical models of four simple, but
common, control-system plants will be developed later in this chapter. Two of the systems relate
to the control of position, the third relates to temperature control, and the fourth one describes
control of electrical power in single-machine infinite bus models of power systems. In addition,
Chapter 10 presents procedures for determining the model of a physical system from input—
output measurements of the system.

1.3 THE CONTROL PROBLEM

We may state the control problem as follows. A physical system or process is to be accurately
controlled through closed-loop, or feedback, operation. An output variable (signal), called the
response, is adjusted as required by an error signal. The error signal is a measure of the differ-
ence between the system response, as determined by a sensor, and the desired response.
Generally, a controller, or filter, is required to process the error signal in order that certain
control criteria, or specifications, will be satisfied. The criteria may involve, but not be limited to:

1. Disturbance rejection

2. Steady-state errors

3. Transient response

4. Sensitivity to parameter changes in the plant

Solving the control problem will generally involve:

1. Choosing sensors to measure the required feedback signals

Choosing actuators to drive the plant

Developing the plant, sensor, and actuator models (equations)

Designing the controller based on the developed models and the control criteria
Evaluating the design analytically, by simulation, and finally, by testing the physical
system

6. Iterating this procedure until a satisfactory physical-system response results

AN ol

Because of inaccuracies in the mathematical models, the initial tests on the physical system may
not be satisfactory. The controls engineer must then iterate this design procedure, using all tools
available, to improve the system. Intuition, developed while experimenting with the physical
system, usually plays an important part in the design process.

Fig. 1-4 illustrates the relationship of mathematical analysis and design to physical-system
design procedures [4]. In this book, all phases shown in the Fig. are discussed, but the emphasis
is necessarily on the conceptual part of the procedures—the application of mathematical con-
cepts to mathematical models. In practical design situations, however, the major difficulties are
in formulating the problem mathematically and in translating the mathematical solution back to
the physical world. Many iterations of the procedures shown in Fig. 1-4 are usually required in
practical situations.

15
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Mathematical
model of
system

Problem formulation

Conceptual
aspects

Mathematical
solution of
mathematical
problem

Solution translation

FIGURE 1-4 Mathematical solutions for physical systems.

Depending on the system and the experience of the designer, some of the steps listed ear-
lier may be omitted. In particular, many control systems are implemented by choosing standard
forms of controllers and experimentally determining the parameters of the controller; a specified
step-by-step procedure is applied directly to the physical system, and no mathematical models
are developed. This type of procedure works very well for certain control systems. For other
systems, it does not. For example, a control system for a space vehicle cannot be designed in this
manner; this system must perform satisfactorily the first time it is activated.

In this book mathematical procedures are developed for the analysis and design of control
systems. The techniques developed may or may not be of value in the design of a particular con-
trol system. However, standard controllers are utilized in the developments in this book. Thus
the analytical procedures develop the concepts of control system design and indicate applica-
tions of each of the standard controllers.

1.4 SATELLITE MODEL

As the first example of the development of the mathematical model of a physical system, we will
consider the attitude control system of a satellite. Assume that the satellite is spherical and has
the thruster configuration shown in Fig. 1-5. Suppose that 0(¢) is the yaw angle of the satellite.
In addition to the thrusters shown, thrusters will also control the pitch angle and the roll angle,
giving complete three-axis control of the satellite. We will consider only the yaw-axis control
systems, whose purpose is to control the angle 6(z).

For the satellite, the thrusters, when active, apply a torque 7(¢). The torque of the two
active thrusters shown in Fig. 1-5 tends to reduce 6(¢). The other two thrusters shown tend to
increase 0(z).

Since there is essentially no friction in the environment of a satellite, and assuming the
satellite to be rigid, we can write

d*0(p)
J e (1) 1-1
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6(t)

“a— Thrusters

o\

Thrusters

FIGURE 1-5 Satellite.

where J is the satellite’s moment of inertia about the yaw axis. We now derive the transfer func-
tion by taking the Laplace transform of (1-1):

Js?O(s) = T(s) = L] (1-2)

Initial conditions are ignored when deriving transfer functions. Equation (1-2) can be expressed as

1-3)

The ratio of the Laplace transforms of the output variable [8(7)] to input variable [7(¢)] is called
the plant transfer function, and is denoted here as G,(s). A brief review of the Laplace transform
is given in Appendix V.

The model of the satellite may be specified by either the second-order differential equation
of (1-1) or the second-order transfer function of (1-3). A third model is the state-variable model,
which we will now develop. Suppose that we define the variables x;(f) and x,(f) as

0 =60 (1-4)
xX(t) = x(1) = 6(1) 1-5)

where x,(f) denotes the derivative of x,(f) with respect to time. Then, from (1-1) and (1-5),

. 1
X(1) = 0() = 570 (1-6)

where 6([) is the second derivative of 6(f) with respect to time.

17
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We can now write (1-5) and (1-6) in vector-matrix form (see Appendix IV):

|:).C1(t):| _ [0 1“&(0} N
X(1) 0 0Jlx(®)

In this equation, x;(¢) and x,(¢) are called the state variables. Hence we may specify the model of
the satellite in the form of (1-1), or (1-3), or (1-7). State-variable models of analog systems are
considered in greater detail in Chapter 4.

7(f) 1-7)

S - o

1.5 SERVOMOTOR SYSTEM MODEL

In this section the model of a servo system (a positioning system) is derived. An example of this
type of system is an antenna tracking system. In this system, an electric motor is utilized to rotate
a radar antenna that tracks an aircraft automatically. The error signal, which is proportional to
the difference between the pointing direction of the antenna and the line of sight to the aircraft, is
amplified and drives the motor in the appropriate direction so as to reduce this error.

A dc motor system is shown in Fig. 1-6. The motor is armature controlled with a constant
field. The armature resistance and inductance are R, and L,, respectively. We assume that the
inductance L, can be ignored, which is the case for many servomotors. The motor back emf e, (f)
is given by [5]

_ _ g, B0
ent) = Kyoot) = K~ (1-8)

where 0(7) is the shaft position, w(?) is the shaft angular velocity, and K, is a motor-dependent
constant. The total moment of inertia connected to the motor shaft is J, and B is the total viscous
friction. Letting 7(¢) be the torque developed by the motor, we write

a0 | do()

n=1J + 1-9
™) P di (1-9)
[
i/=constant
~200—
O l M OO
Rﬂ L(I
0
e e (C}—G J B
-
T,

Ds

FIGURE 1-6 Servomotor system.
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The developed torque for this motor is given by
T(t) = Kri(?) (1-10)

where i(?) is the armature current and K7 is a parameter of the motor. The final equation required
is the voltage equation for the armature circuit:

e(t) = iR, + e,(f) (1-11)

These four equations may be solved for the output 0(7) as a function of the input e(#). First,
from (1-11) and (1-8),

i = L0 _ e K ddp (1-12)

R, R, R, di

Then, from (1-9), (1-10), and (1-12),

, Ky KrK,, do(p) d*0(r) de(r)
= Kyi(t) = —e(t) — =7 +B—— 1-13
") = Kyi(t) = -e)) = —p— =, e ar (1-13)
This equation may be written as
d*0(t) BR, + K;K, do(r) K,
g0 | R * Ky 00D _ K (1-14)

dar? R, dt R,

which is the desired model. This model is second order; if the armature inductance cannot be
neglected, the model is third order [6].
Next we take the Laplace transform of (1-14) and solve for the transfer function:

O(s Kr/R, Kr/JR
( ) — p(S) — T/ a _ T/ a (1_15)
E(s) , . BR, + KrK, BR, + KrK,
s+ ———"5  s|ls+ ——
R, JR,

Many of the examples of this book are based on this transfer function.
The state-variable model of this system is derived as in the preceding section.

Let
6 =00 (116
x(1) = 6() = x,(1)
Then, from (1-14),
. .. BR, + KrK, Kr
() = 6@) = —sz(t) + J?e(t) (1-17)

19
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Hence the state equations may be written as

0 1
)‘Cl(l‘) — BR KK |:X1(t) K )
L'cz(t)} g _BRat Krky ) T2 e(t) (1-18)

JR, JR,

Antenna Pointing System

We define a servomechanism, or more simply, a servo, as a system in which mechanical posi-
tion is controlled. Two servo systems, which in this case form an antenna pointing system, are
illustrated in Fig. 1-7. The top view of the pedestal illustrates the yaw-axis control system. The
yaw angle, 0(?), is controlled by the electric motor and gear system (the control actuator) shown
in the side view of the pedestal.

Side view
of pedestal
Yo
Difference Power Antenna - _§ -
amplifier amplifier Gears
Vi Motor
Voltage ; voltage Motor
proportional Error
to desired | |
angle ™~ Shaft
| encoder
Yo Data
Voltage hold
proportional '
to angle Binary
code
Top view of pedestal
(a)
. Servo Output
Amplifier motor system
* E K 1
()__Eror K 1 24
2 s(s+a)
1 1
T T
—4.8 4.8 Input
Sensor 24
() ©

FIGURE 1-7 Servo control system.



1.5 Servomotor System Model

The pitch angle, ¢(7), is shown in the side view. This angle is controlled by a motor and
gear system within the pedestal; this actuator is not shown.

We consider only the yaw-axis control system. The electric motor rotates the antenna and
the sensor, which is a digital shaft encoder [7]. The output of the encoder is a binary number that
is proportional to the angle of the shaft. For this example, a digital-to-analog converter is used
to convert the binary number to a voltage v,(¢) that is proportional to the angle of rotation of the
shaft. Later we consider examples in which the binary number is transmitted directly to a digital
controller.

In Fig. 1-7(a) the voltage v,(¢) is directly proportional to the yaw angle of the antenna, and
the voltage v,(?) is directly proportional (same proportionality constant) to the desired yaw angle.
If the actual yaw angle and the desired yaw angle are different, the error voltage e(f) is nonzero.
This voltage is amplified and applied to the motor to cause rotation of the motor shaft in the
direction that reduces the error voltage.

The system block diagram is given in Fig. 1-7(b). Since the error signal is normally a
low-power signal, a power amplifier is required to drive the motor. However, this amplifier
introduces a nonlinearity, since an amplifier has a maximum output voltage and can be saturated
at this value. Suppose that the amplifier has a gain of 5 and a maximum output of 24 V. Then
the amplifier input—output characteristic is as shown in Fig. 1-7(c). The amplifier saturates at an
input of 4.8 V; hence, for an error signal larger than 4.8 V in magnitude, the system is nonlinear.

In many control systems, we go to great lengths to ensure that the system operation is
confined to linear regions. In other systems, we purposely design for nonlinear operation. For
example, in this servo system, we must apply maximum voltage to the motor to achieve maxi-
mum speed of response. Thus for large error signals we would have the amplifier saturated in
order to achieve a fast response.

The analysis and design of nonlinear systems is beyond the scope of this book; we will
always assume that the system under consideration is operating in a linear mode.

Robotic Control System

A line drawing of an industrial robot is shown in Fig. 1-8. The basic element of the control sys-
tem for each joint of many robots is a servomotor. We take the usual approach of considering
each joint of the robot as a simple servomechanism, and ignore the movements of the other joints
in the arm. Although this approach is simple in terms of analysis and design, the result is often
less than desirable control of the joint [8].

FIGURE 1-8 Schematic diagram of a robotic arm with three angles of motion.

21



22

Chapter 1  Introduction

Power ! Servomotor |
amplifier ! X Gears
M K Ea : K m ®m 1 : ®m ®a
] Ts+1 s i !
I 1
I 1
| I

___________________________

FIGURE 1-9 Model of robot arm joint.

The model of a single robot arm joint is given in Fig. 1-9, where the second-order model
of the servomotor is assumed. In addition, it is assumed that the arm is attached to the motor
through gears, with a gear ratio of n. If the armature inductance of the motor cannot be ignored,
the model is third order [8]. In this model, E,(s) is the armature voltage, and is used to control
the position of the arm. The input signal M(s) is assumed to be from a digital computer, and the
power amplifier K is required since a computer output signal cannot drive the motor. The angle
of the motor shaft is ®,,(s), and the angle of the arm is ®,(s). Same holds for the two other arm
angles O,(s) and O (s). As described above, the inertia and friction of both the gears and the
arm are included in the servomotor model, and hence the model shown is the complete model
of the robot joint. This model will be used in several problems that appear at the ends of the
chapters.

1.6 TEMPERATURE CONTROL SYSTEM

As a third example of modeling, a thermal system will be considered. It is desired to control the
temperature of a liquid in a tank. Liquid is flowing out at some rate, being replaced by liquid
at temperature T4¢) as shown in Fig. 1-10. A mixer agitates the liquid such that the liquid tem-
perature can be assumed uniform at a value 7(f) throughout the tank. The liquid is heated by an
electric heater.

Input flow at
temperature T;

I

Liquid at
temperature T

Ambient temperature
of air= 1,

Heater %

Output flow at

—_—
OF) temperature T
—

Mixer
FIGURE 1-10 Thermal system.



1.6 Temperature Control System

We first make the following definitions:

q.(t) = heat flow supplied by the electric heater
q;(t) = heat flow via liquid entering the tank
q,(t) = heat flow into the liquid

q,(t) = heat flow via liquid leaving the tank
q,(f) = heat flow through the tank surface

By the conservation of energy, heat added to the tank must equal that stored in the tank plus that
lost from the tank. Thus

q.(0) + gt) = q(t) + q,(t) + g, 1-19)

Now [9]
_ 0 1-20
q(t) = o 1-20)

where C is the thermal capacity of the liquid in the tank. Letting v(¢) equal the flow into and out
of the tank (assumed equal) and H equal the specific heat of the liquid, we can write

q;(t) = v(HT(1) 1-21)
and
q,(t) = v()H7(1) (1-22)

Let 7,(¢) be the ambient temperature outside the tank and R be the thermal resistance to heat flow
through the tank surface. Then

g = 0= W0 ;T“(t) (1-23)

Substituting (1-20) through (1-23) into (1-19) yields

a0 + vt () = ¢ 0+ s + 70740

We now make the assumption that the flow v(#) is constant with the value V; otherwise, the last
differential equation is time-varying. Then

dr (1) (1) — 7,0)
q.(t) + VH1,(t) = C? + VH1(?) + R 1-24)

This model is a first-order linear differential equation with constant coefficients. In terms of a
control system, g,(¢) is the control input signal, 74¢) and 7,(f) are disturbance input signals, and
7(¢) is the output signal.
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FIGURE 1-11 Block diagram of a thermal system.

Taking the Laplace of (1-24) and solving for T(s) = Z£[7(¢)] yields

T(s) = Q.(s) . VHT{(s) + (1/R) T (s) (1-25)
Cs+VH+ (1/R)  Cs+ VH+ (1/R) Cs+ VH+ (1/R)

Different configurations may be used to express (1-25) as a block diagram; one is given in
Fig. 1-11.

If we ignore the disturbance inputs, the transfer-function model of the system is simple and
first order. However, at some step in the control system design the disturbances must be consid-
ered. Quite often a major specification in a control system design is the minimization of system
response to disturbance inputs.

The model developed in this section also applies directly to the control of the air tempera-
ture in an oven or a test chamber. For many of these systems, no air is introduced from the out-
side; hence the disturbance input g,(¢) is zero. Of course, the parameters for the liquid in (1-25)
are replaced with those for air.

1.7 SINGLE-MACHINE INFINITE BUS POWER SYSTEM

A single-machine infinite bus (SMIB) power system, as shown in Fig. 1-12, is often used as
the starting model for understanding dynamics and stability of large power grids. The system
consists of a synchronous generator G, which in many cases may represent the equivalent model
of a larger area containing multiple synchronous machines inside it, supplying electrical power
across a lossless transmission line to a load connected to a fixed or stationary point, commonly
referred to as the infinite bus. The relevance of the term “infinite” is that this bus can also be
viewed as a generator with theoretically infinite inertia, implying that the voltage and phase

120

—

FIGURE 1-12 Single-machine infinite bus power system.



1.7 Single-Machine Infinite Bus Power System

angle at this bus always remain static or constant, and thereby serve as a reference for quantita-
tive analysis of the phase angle oscillations of the other generator(s) in the system. Therefore,
for convenience, it is always assumed that the voltage at the infinite bus is 1 per unit, while the
phase angle is 0 degrees. To derive the model of the SMIB power system, we next introduce the
following set of symbols:

d phase angle of the synchronous generator (radians)

o angular speed (radian/sec)

w, synchronous speed, equal to 120 rad/s for a 60 Hz system

E internal constant voltage of the generator (per unit)

x, direct-axis salient reactance (per unit)

xr transformer reactance (per unit)

x; transmission line reactance (per unit)

d damping constant

M generator electro-mechanical inertia

P,, mechanical power input from turbine to generator (per unit)

P, electrical power output from generator to infinite bus (per unit)

For details of the physical meanings of the above notations please see [10]. The dynamic model
of the SMIB system can be written by applying Newton’s second law of motion as

3= — Wy
Mo = P, — P, — do (1-26)

which implies that the imbalance between input and output power flow causes the rotor of the
synchronous generator to accelerate. From electric circuit law, the total complex power flowing
from G to the infinite bus can be written as

P=(EL)T (1-27)

where, E/8 = E(cosd + jsin ), T is the current phasor which is flowing out of the machine,
and the superscript * means complex conjugate. From Kirchoff’s law this current can be written as

~ E/8 — 1240
7= e el (1-28)
Jxg + xr + x)

where 120 is the voltage phasor at the infinite bus, while the expression in the denominator
denotes the total reactance between the generator and the infinite bus. For simplicity of notation
let us denote x = x/; + xy + x;. Then the expression for the current phasor can be simplified as
7_ Ecosd — 1 + jEsind

Jx

(1-29)
from which P, after a few simple calculations, can be shown as

P = %(sinS + j(E — cos d)) (1-30)

25



26

Chapter 1  Introduction

Since P, in (1-26) represents only the real part of P, therefore another way to write (1-26) is

0= w — w

E (1-31)
Mo = P, — ;sinS — dw

Equation (1-31) gives the continuous-time state-variable model for the SMIB system. The model,
however, is nonlinear because of the sin 6 term in the RHS of the second equation. Hence, we
linearize this model across an equilibrium of (8 = 8y, w = w,) to obtain a linear time-invariant
model of the form

I 0
: A%

Mﬂz (Ecosdy  d [ }+ 1 |aB, (1-32)
@ Mx e Y

where A stands for the small-signal perturbation of the corresponding states and inputs from
their respective equilibrium values. The output can be considered as the change in electric power
P, as

_ Ecosd

AP, A = kA3 (1-33)

The transfer function for the system (1-32) and (1-33) with input AP, and output AP, can be
derived as

Gyls) = —5———— (1-34)

G, (s) gives the open-loop transfer function between the small-signal mechanical power input
and the electrical power output of the synchronous machine. It can be seen that the steady-state
gain (s = 0) of G,(s) is 1, which means that in steady state the mechanical power input to the
machine must exactly balance its electrical power output. The transient response of the output
for a unit change in the input, however, may not be satisfactory to the user as it is. Therefore,
one may design an output-feedback controller C(s) to control the transient response of the elec-
trical power, as shown in the block diagram in Fig. 1-13. C(s) must be designed so that the
steady-state gain of the closed-loop transfer function is 1. Depending on the values of M, d, and k,
the open-loop response may not be satisfactory in terms of damping, percent peak overshoot,
settling time, etc. The controller C(s) can be designed to achieve these transient performance
specifications.

AP AP,
m G])(S) — k

+ Ms*+ds+k

C(s)

FIGURE 1-13 Block diagram of a closed-loop SMIB power system model.



1.8 SUMMARY

In this chapter we have introduced the concepts of a closed-loop control system. Next, models of
four physical systems were discussed. First, a model of a satellite was derived. Next, the model of a
servomotor was developed; then two examples, an antenna pointing system and a robot arm, were
discussed. Next, a model was developed for control of the temperature of a tank of liquid. Finally,
a model for a single-machine infinite bus (SMIB) power system was presented. These systems are
continuous time, and generally, the Laplace transform is used in the analysis and design of these
systems. In the next chapter we extend the concepts of this chapter to a system controlled by a digital
computer and introduce some of the mathematics required to analyze and design this type of system.

References

(1]

(2]

M. L. Dertouzos, M. Athans, R. N. Spann, and
S.J. Mason, Systems, Networks, and Computation:
Basic Concepts. Huntington, NY: R.E. Krieger
Publishing Co., Inc., 1979.

R. F. Wigginton, “Evaluation of OPS-II
Operational Program for the Automatic Carrier
Landing System,” Naval Electronic Systems Test
and Evaluation Facility, Saint Inigoes, MD, 1971.
C. L. Phillips, E. R. Graf, and H. T. Nagle, Jr.,
“MATCALS Error and Stability Analysis,” Report
AU-EE-75-2080-1, Auburn University, Auburn,
AL, 1975.

W. A. Gardner, Introduction to Random Processes
with Applications to Signals and Systems, 2nd ed.
New York: McGraw-Hill Publishing Company,
1990.

Problems

1.1-1.

sum of the transfer functions.

(5]

(6]

(7]

(8]

(91

[10]

Problems 27

A. E. Fitzgerald, C. Kingsley, and S. D. Umans,
Electric Machinery, 6th ed. New York: McGraw-
Hill Publishing Company, 2003.

C. L. Phillips and J. Parr, Feedback Control
Systems, Sth ed. Upper Saddle River, NIJ:
Prentice-Hall, 2011.

C. W. deSilva, Control Sensors and Actuators.
Upper Saddle River, NJ: Prentice Hall, 1989.

K. S. Fu, R. C. Gonzalez, and C. S. G. Lee,
Robotics: Control, Sensing, Vision, and
Intelligence. New York: McGraw-Hill
Publishing Company, 1987.

J. D. Trimmer, Response of Physical Systems.
New York: John Wiley & Sons, Inc., 1950.

P. M. Anderson and A. A. Fouad, Power System
Stability and Control, 2nd ed. Wiley, 2008.

(a) Show that the transfer function of two systems in parallel, as shown in Fig. P1.1-1(a), is equal to the

(b) Show that the transfer function of two systems in series (cascade), as shown in Fig. P1.1-1(b), is equal

to the product of the transfer functions.

Gi(s)

E(s)

Gy(s)

(a)

E(s)

M(s)

C(s)

Gi(s)

Gy(s)

FIGURE P1.1-1 Systems for Problem 1.1-1.

(b)
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By writing algebraic equations and eliminating variables, calculate the transfer function C(s)/R(s) for the
system of:

(a) Figure P1.1-2(a).

(b) Figure P1.1-2(b).

(c) Figure P1.1-2(c).

R(s) +,~\ EG) G.(5) M(s) Gy C(s)
H(s)
(a)
Gy(s)
+
: c
R(s) +,\ E6) Gy(5) +U M(s) Gy(s) (s)
H(s)
(b)
R(s) +,™\ E(s) Gy(5) M.(s) Gols) C(s)
Hy(s)
2N
Hi(s)
(©

FIGURE P1.1-2 Systems for Problem 1.1-2.

1.1-3.

1.1-4.

Use Mason’s gain formula of Appendix II to verify the results of Problem 1.1-2 for the system of:
(a) Figure P1.1-2(a).
(b) Figure P1.1-2(b).
(c) Figure P1.1-2(c).

A feedback control system is illustrated in Fig. P1.1-4. The plant transfer function is given by

4

G = 035 + 1

(a) Write the differential equation of the plant. This equation relates c(f) and m(r).
(b) Modify the equation of part (a) to yield the system differential equation; this equation relates c(f) and
r(t). The compensator and sensor transfer functions are given by

GJ(s) =20, H(s) =1
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(c) Derive the system transfer function from the results of part (b).
(d) It is shown in Problem 1.1-2(a) that the closed-loop transfer function of the system of Fig. P1.1-4 is
given by

) GG
R(s) 1+ GUs)Gp(s)H(s)

Use this relationship to verify the results of part (c).
(e) Recall that the transfer-function pole term (s + a) yields a time constant T = 1/a, where a is real.
Find the time constants for both the open-loop and closed-loop systems.

Compensator Plant
R E M C
() +,~ E6) G.(5) (5) G (s)
Sensor
H(s)

FIGURE P1.1-4 Feedback control system.

1.1-5. Repeat Problem 1.1-4 with the transfer functions

3s + 5

G.(s) = 4, G(s8) = 57—,
® o5 2445+ 4

H(s) =1
For part (e), recall that the transfer-function underdamped pole term [(s + a)? + b yields a time constant,
T=1/a.

1.1-6. Repeat Problem 1.1-4 with the transfer functions

4
s+ 25+ 1
1.4-1. The satellite of Section 1.4 is connected in the closed-loop control system shown in Fig. P1.4-1. The torque
is directly proportional to the error signal.
(a) Derive the transfer function @(s)/0 (s), where 8(r) = £71[O(s)] is the commanded attitude angle.
(b) The state equations for the satellite are derived in Section 1.4. Modify these equations to model the
closed-loop system of Fig. P1.4-1.

Gs) =4, Gys) =

0(1)

“a— Thrusters

o

P4

Thrusters

(@)
FIGURE P1.4-1 Satellite control system.
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thrusters Satellite
O.) ~ K p ) | 1 O(s)
+ Error Torque Js?
Sensor
H(s)=1
(b)

FIGURE P1.4-1 (continued)

1.4-2. (a) In the system of Problem 1.4-1,J = 0.6 and K = 12.4, in appropriate units. The attitude of the satel-

1.4-3.

1.4-4.

lite is initially at 0°. At = 0, the attitude is commanded to 40°; that is, a 40° step is applied at t = 0.
Find the response 6(7).

(b) Repeat part (a), with the initial conditions 6(0) = 10° and é(O) = 30°/s. Note that we have assumed
that the units of time for the system is seconds.

(c) Verify the solution in part (b) by first checking the initial conditions and then substituting the solution
into the system differential equation.

The input to the satellite system of Fig. P1.4-1 is a step function 0.(f) = 4u(?) in degrees. As a result, the

satellite angle 0(¢) varies sinusoidally at a frequency of 20 cycles per minute. Find the amplifier gain K and

the moment of inertia J for the system, assuming that the units of time in the system differential equation

are seconds.

The satellite control system of Fig. P1.4-1 is not usable, since the response to any excitation includes

an undamped sinusoid. The usual compensation for this system involves measuring the angular velocity

dO(t)/dt. The feedback signal is then a linear sum of the position signal 6(¢) and the velocity signal d0(z)/dt.

This system is depicted in Fig. P1.4-4, and is said to have rate feedback.

(a) Derive the transfer function @(s)/0(s) for this system.

(b) The state equations for the satellite are derived in Section 1.4. Modify these equations to model the
closed-loop system of Fig. P1.4-4.

(c) The state equations in part (b) can be expressed as

x() = Ax(1) + BO(f)

Satellite

R(s) +/7\ E

i\]
b Do
&

=

FIGURE P1.4-4 Satellite control system with rate feedback.





